Abstract. Here, we study the local control of defect-mediated turbulence or spiral turbulence via ordered waves in the two-(2D) and three-dimensional (3D) complex Ginzburg-Landau equation (CGLE) systems. Depending on the local oscillating frequency resulting from the external periodic injection or the localized inhomogeneity, either spiral waves or target waves could be generated and they may successfully suppress the turbulent waves in the CGLE systems. Theoretical analysis combined with numerical analysis is given to reveal the underlying mechanism.
Introduction
Spiral waves and spiral turbulence in extended pattern forming systems have received considerable attention. The oscillatory and excitable cases are especially of interest. They have been observed in cardiac tissue [1] , during aggregation of Dictyostelium discoideum amoebae [2] , in the Belousov-Zhabotinsky reaction [3] , and in the catalytic oxidation of CO [4] etc. In some cases, spiral waves and turbulent waves are undesirable because of their harmfulness. For example, spirals and turbulent waves in cardiac muscle are believed to play an essential role in heart problems such as arrhythmia and fibrillation, the major reason behind sudden cardiac death [5] . Therefore, various methods to suppress spiral waves and spiral turbulence in excitable media have been investigated via reaction-diffusion equations [6] - [10] . Also, many researchers have studied spiral waves and turbulent waves in oscillatory media by means of the complex Ginzburg-Landau equation (CGLE) ( [11, 12] and references therein), which is a generic equation describing spatially extended systems in the vicinity of a Hopf bifurcation.
The homogeneous CGLE has the form
where the complex variable A(r, t) is the order parameter at the bifurcation; C 0 , C 1 and C 3 are real parameters; ∇ 2 is the Laplace operator. The CGLE arises in diverse contexts, e.g., chemical oscillations [13] , thermal convection in binary fluids [14] , multimode lasers [15] , etc. It exhibits a rich range of dynamical behaviours with variations of the parameters, and the 'phase diagram' has been investigated by various authors [16] .
In a wide region of the parameter space, the CGLE exhibits so-called defect-mediated turbulence or spiral turbulence. To achieve the control of turbulence in the one-(1D) and twodimensional (2D) CGLE systems, different local methods have been suggested [17, 18] . They develop ordered waves by employing all kinds of local perturbations, such as local feedback injection to develop one unstable spiral defect [17] , boundary injection with gradient force in the 1D case [18] . Recently, we [19] achieved the suppression of spiral turbulence by introducing an initial spiral wave seed and growing the seed into a spiral wave with periodic injection around it. Jiang et al [20] , however, showed that a localized inhomogeneity can generate target waves and that they may sweep turbulence out of the systems. Then a question emerges naturally: could the periodic injection generate a target wave, and the localized inhomogeneity develop a spiral 3 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT wave? On the other hand, the suppression of turbulent waves in 3D excitable media have been investigated [21, 22] . To our knowledge, the control of turbulence in 3D CGLE systems has not been studied. Could the methods employed for controlling the turbulence in the 2D CGLE be sound in the 3D CGLE?
In this paper, we will demonstrate that both a periodic injection and a localized inhomogeneity can generate ordered waves including spiral waves and target waves, which will suppress the turbulence in the 2D CGLE systems. In addition, our simple method for controlling the 2D turbulence will be applied to the 3D case.
Turbulence control in 2D CGLE systems
It is well known that the CGLE has a class of travelling wave solutions [12] A(r, t)
where k is the wavenumber, ω is the angular frequency of the plane waves. For large r, if one ignores the curvature effect both the solutions of spiral and target waves can be considered as these plane wave solutions and the dispersion relation
is approximately valid. In this paper, we take the medium parameters C 0 = 0, C 1 = −1.40 and C 3 0.80, which fall into the absolutely unstable region of spiral waves [19] . That is to say, the systems will be in a state of defect-mediated turbulence or spiral turbulence. The turbulent wave solutions can be regarded as little spirals with a very short correlation length. First, we employ the same periodic forcing as in [19] 
where ε f is the forcing amplitude, ω f is the forcing frequency to control spiral turbulence in the 2D CGLE systems. In [19] , we showed that the turbulence can be suppressed by periodic injection in the presence of an initial spiral wave seed. After a careful investigation, we find that, if we set the forcing sites in the very vicinity of the little spiral tip in the turbulent waves, a small spiral seed may be generated from the violent turbulence. It can grow up into a large spiral wave and then suppress the turbulent waves. Figure 1 (a) is a snapshot of defect-mediated turbulence at t = 0 time unit (t.u.) for the control preparation. The forcing area is taken as a square in the space centre (other positions also work providing that the location of forcing is set near one little spiral's tip in the turbulent waves) with n × n sites. The control parameters are selected as the following: the forcing area variable n = 3 , the forcing amplitude ε f = 0.55 and the forcing frequency ω f = −0.1693 respectively. It is found that the local oscillating frequency on some controlled sites rigidly depends upon the external forcing frequency, i.e., ω l = ω f . Figure 1 (b) exhibits a small spiral wave island created in the violent turbulence sea at about t = 910 t.u., and the island gradually grows up into a large spiral wave, as shown in figure 1(c) . The turbulence is found to be entirely suppressed by the large spiral wave with a specific frequency (ω = 0.4831) at t 2100 t.u. as shown in figure 1(d). show that the localized inhomogeneity (C 3i > 0), e.g., changing the parameter C 3 = 0.80 to C 3i = 0.50 in the space centre with 6 × 6 sites (their local oscillating frequency ω l = 0.4817), which plays the role of pacemakers, can generate target waves with a resonant frequency (ω = 0.4817 = ω l ) that may sweep the previous turbulence away at t 1400 t.u. [20] . figure 1 (a) via target waves generated by a localized inhomogeneity (C 3i > 0) [20] , which changes the medium parameter C 3 = 0.80 to C 3i = 0.50 in the space centre with 6 × 6 sites at t 0 t.u.
One may ask whether any generic correlation could exist between these interesting phenomena. Both patterns, generated either by a periodic injection or by a localized inhomogeneity, can lead to the suppression of the identical turbulence shown in figure 1(a) . So, what is the possible mechanism underlying the generation of these different ordered waves in the defect-mediated turbulence? Naively put, to annihilate the surrounding turbulent waves, could the localized inhomogeneity generate a spiral wave and the periodic injection generate a target wave?
We approach the problem head-on by comparing the complex variable A(r, t) in the different region of the systems space. We plot the variations of A(r, t) within the source region or on the controlled sites, e.g., the site of (128, 128), and the region away from the wave source or on the uncontrolled sites, e.g., the site of (200, 200), after the turbulence has been suppressed by means of periodic injection and of localized inhomogeneity. It is found that, for the periodic injection (ω l < 0): within the source region shown in figure 1(e), the real part of A(r, t) leads its imaginary part, which means that the sign of the local oscillating frequency on the controlled sites (ω l < 0) is opposite to the one of the previous turbulent wave frequency (ω t > 0, see figure 5(b)); within the far away region shown in figure 1(f), however, the real part of A(r, t) lags behind its imaginary part, which means that the sign of the asymptotic wave frequency on the uncontrolled sites (ω > 0) is the same as the one of the turbulent wave frequency (ω t > 0). For the localized inhomogeneity (C 3i > 0), interestingly here, it is always the real part of A(r, t) either within the source region or within the far away region, rather than its imaginary part that lags behind, as shown in figures 2(c) and (d). That is to say, both the sign of the local oscillating frequency on the controlled sites (ω l > 0) and of the asymptotic wave frequency on the uncontrolled sites (ω > 0) are the same as the one of the previous turbulent wave frequency (ω t > 0). Here, we can see clearly no matter what waves are generated in our parameters region of the CGLE systems, the sign of their asymptotic frequency on the uncontrolled sites is always the same as the one of the previous turbulent wave frequency (ω > 0, ω t > 0). If the sign of the local oscillating frequency on the controlled sites is in reverse (i.e. when ω l < 0), spiral waves may be generated in the previous turbulent waves; otherwise (i.e. when ω l > 0), target waves may be generated.
Sequentially, we postulate that, if the local oscillating frequency on some controlled sites is endowed with a positive sign, either by a periodic injection or by a localized inhomogeneity, target waves would be generated to annihilate the surrounding turbulent waves; if with a negative sign, spiral waves would be generated to suppress the same turbulence. Figures 3(a) and (b) demonstrate that the localized inhomogeneity (C 3i < 0), e.g., changing the parameters C 1 = −1.40, C 3 = 0.80 to C 1i = 0.40, C 3i = −1.50 respectively in the space centre (other positions also work providing that the localized inhomogeneity is introduced near one little spiral's tip in the turbulent waves) with 3×3 sites (their local oscillating frequency ω l = −0.2140) at t 200 t.u., can generate a spiral wave seed that may grow to suppress the previous defect-mediated turbulence. Like the periodic injection in figure 1 , because of the exactly opposition of the oscillating mode between the source region and the far away region (see figures 1(e), (f), 3(c) and (d)), a small spiral wave island appear dramatically from the centre region of the violent turbulence sea at about t = 1210 t.u. and then the seed gradually grows into a large spiral wave with a specific frequency (ω = 0.5206), which annihilates all the turbulent waves at t 2900 t.u. Figure 4 exhibits that the periodic forcing
with the forcing area variable n = 4, the forcing amplitude ε f = 1.80 and the forcing frequency ω f = 0.3762 respectively, can generate target waves with a resonant frequency (ω = ω l = 0.3762 = ω f ) to control the same turbulence at t 900 t.u. as shown in figure 1(a) . Just as the localized inhomogeneity (C 3i > 0) [20] , the final target waves pattern along with the variations of A(r, t) within the source region and the far away region in this scenario are consistent with our postulation (see figures 2(c), (d), 4(c) and (d)). Note that the amplitude and area of the forcing with a specific frequency must exceed a threshold and that a limited enhancement might slightly improve the control efficiency. For example, to annihilate the turbulence state ( figure 1(a) ) within 1200 t.u., ε f should be no less than 1.48 (with n = 4, ω f = 0.3762) and n be no less than 4 (with ε f = 1.48, ω f = 0.3762). We find that the suppression does not depend upon the location of forcing and that target waves can be generated wherever the forcing is applied.
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Hence, we can suggest a plain criterion for the generation of spiral waves versus target waves for the local control of defect-mediated turbulence in the 2D CGLE systems. When ω l < 0, where ω l is the local oscillating frequency on the controlled sites, spiral waves may be generated to suppress the turbulence; when ω l > 0, target waves may be generated for the same purpose.
Analysis
In [23] , Kuramoto explained the solutions of expanding target patterns and rotating spiral waves, respectively, using the amplitude-phase representation of the CGLE. More recently, the authors in [24] discussed the 2D target wave patterns assuming that the uniform oscillations are modulationally stable. In the following, based on Kuramoto's derivation, we consider the effect of an localized inhomogeneity on spiral turbulence using the amplitude-phase representation of the CGLE, and then identify the conditions under which a spiral or target wave could be stable in the turbulence and replace the surrounding turbulent waves.
Introducing phase and real amplitude R as A = R exp (i ) and substituting this into the CGLE (1), we obtain
First, let us consider the influence of a periodic injection or a localized inhomogeneity on a spiral wave. Assuming that R is stationary, we eliminate R 2 between (5a) and (5b), and get
where
A periodic injection or a localized inhomogeneity (in this paper and in [20] , C 1 and C 3 are changed within a small spatial region) is to modify the local property (local frequency) of the CGLE. However, it is too difficult to study analytically the CGLE with a periodic injection or a localized inhomogeneity by changing the nonlinear parameters C 1 and C 3 within a small spatial region. From (2), one can see that changing the linear parameter C 0 within a small spatial region can also modify the local frequency. And it is easy to study the CGLE with a localized inhomogeneity by changing the linear parameter C 0 . For simplicity, we assume that C 0 is changed by an amount C 0 within a small circular region of size r 0 , called core, centred at the spiral tip, or at the origin of the coordinate system. We set
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to equation (6), the new variable Q obeys the equation
For the requirements of a rotating spiral wave solution (with frequency ω), Q must be of the form [23] 
Q(r, θ, t) = Q(r) exp [p(±θ − ωt)].
This is substituted into (8) to give the eigenvalue problem
Without the localized inhomogeneity (7), the eigenvalue equation is [23] 
(r)] Q(r).
One can see that U(r) is the additional term induced by the localized inhomogeneity. Equation (9) representing itself as a nonlinear eigenvalue problem is generally difficult to solve, but we can give some discussions here. Our numerical results about developing spiral waves to control turbulent waves can be explained as the following.
In figure 5 (a), we can see that without the localized inhomogeneity, the wavenumber k of spiral increases with C 3 and the spiral becomes absolutely unstable for C 3 0.8. The additional term induced by the localized inhomogeneity in the nonlinear eigenvalue equation (9) would modify the eigenvalue λ (λ = −α −2 β(ω
0 ω + 1), ω 0 , β, α are real parameters). This would definitely change the frequency ω and the wavenumber k of the spiral wave. So, if we set a suitable localized inhomogeneity at one little spiral's tip in the turbulence, the wavenumber k of the little spiral may be shifted from an absolutely unstable regime to a convectively unstable regime (see figure 5(a) ) and thus the little spiral becomes stable. The mere fact that the little spiral wave is stable does not necessarily lead to the control of turbulent waves. To achieve the control, the little spiral should be able to develop, which means that the domain walls between the little spiral and turbulent waves should move outward, and gradually the spiral should dominate the whole system. The requirement that the phase of the solution must be continuous across domain [12, 19, 20] . The triangles show the change of spiral wavenumber (a) and spiral wave frequency (b) as a function of C 3 , respectively. The squares show the frequencies of turbulent waves. The circles show some examples (ω l < 0) of the shift of the successfully generated and developed spirals from the absolutely unstable region to the convectively unstable region. The frequencies of the successfully generated and developed spirals are lower than those of the turbulent waves.
boundaries provides an equation for the velocity of the domain walls [25] , which states that, for the case of C 0 = 0, C l < C 3 , as we have, the pattern with the lowest frequency will dominate, which is shown clearly in figure 5(b) .
In figure 6 , we also study the effect of a small localized inhomogeneity (3 × 3 sites) on a stable spiral in the parameter region close to the absolutely unstable regime of spiral waves (C 0 = 0, C 1 = −1.40 and C 3 = 0.70). Note that in the case of a sufficiently large localized inhomogeneity (e.g. n × n sites, n > 5) with ω l > 0, target waves would be generated. Figure 6(a) gives the change of the wavenumber k after we set a localized inhomogeneity at the spiral tip. One can see that the localized inhomogeneity with ω l > 0 does increase the spiral's wavenumber, which makes wavenumber k closer to the absolutely unstable regime. And some localized inhomogeneities with ω l > 0 (not shown here) may make the spiral wave break up. This indicates that the localized inhomogeneity with ω l > 0 cannot suppress turbulent waves by developing a spiral wave. On the contrary, the localized inhomogeneity with ω l < 0 does decrease the spiral's wavenumber, which ensures that the little spiral in the turbulence could re-enter into the convectively unstable regime. So, only in the case ω l < 0, the wavenumber of the little spiral in the turbulent waves can be decreased from an absolutely unstable regime to a convectively unstable regime and the little spiral can be developed to suppress turbulence.
Secondly, let us consider the control of turbulent waves by generating target waves induced by a localized inhomogeneity (7) around the origin of the coordinate system. We assume that there is no spiral tip (or phase singularity) near r = 0, the amplitude R follows adiabatically the dynamics of the phase, and we can use the phase dynamics approximation [23, 24] . Then, 
and equations (5) reduce to a single equation for the phase
Consider the nonlinear transformation
which reduces (10) to the linear equation Let a fundamental solution (target waves) of (11) be expressed as
This leads to the eigenvalue problem
The analysis of [24] showed that CGLE (1) with a localized inhomogeneity has target waves solutions if and only if
For the case of C 1 < C 3 , as we have, equation (12) requires C 0 > 0, which means to decrease the local frequency. According to (2) , it is equivalent to fixing C 0 , C 1 and decreasing C 3 , which is consistent with the numerical results in figure (2) and [20] . To suppress turbulent waves by generating target waves induced by a localized inhomogeneity, two more conditions are needed, which is the same as developing spiral waves in turbulent waves. (1) The wavenumber k and the frequency ω of the generated target waves must be in the convectively unstable region, which ensures the generated target waves are stable. (2) The frequency ω of the target waves must be lower than the frequency of the turbulent waves, which makes the target waves able to develop and the target waves may dominate the whole system gradually. Note that in figure 7(b), one can see that to generate stable target waves for C 3 0.8, the local frequency ω l (here, the frequency of the target waves ω = ω l ) should be in the convectively unstable region, i.e., ω l should be larger than zero at least. Furthermore, for successful control of the turbulence by generating target waves, the frequency ω of the target waves should be lower than that of the turbulent waves. For example, when the forcing area and amplitude are fixed, our numerical results show that for suppression of turbulent waves, the frequency of the external forcing ω f (here, ω = ω l = ω f ) must be in the intervals of (0.37, 0.51), (0.44, 0.52) and (0.55, 0.58) corresponding to C 3 = 0.80 (with ε f = 1.80, n = 4), 0.85 (with ε f = 2.80, n = 4) and 0.90 (with ε f = 4.80, n = 4) respectively, which are lower than that of the turbulent waves (see figure 7(b) ). And the corresponding wavenumbers are in the intervals of (0.3696, 0.4409), (0.3847, 0.4284) and (0.3770, 0.3927) that are exactly in the convectively unstable region (see figure 7(a) ).
From the above analysis, we can see clearly that spiral turbulence in our parameters region (i.e. C 0 = 0, C 1 = −1.40 and C 3 0.80) could be suppressed by developing a spiral wave if the sign of the local oscillating frequency is in reverse (ω l < 0); otherwise (ω l > 0) target waves generated by the localized inhomogeneity would replace the surrounding spiral turbulence.
Turbulence control in 3D CGLE systems
Now we consider employing the local method to control turbulence in the 3D cases. In the following 3D numerical simulations, the system size is 120 × 120 × 50, and the space variables are discretized to N x × N y × N z (N x = N y = 120 and N z = 50) sites with time step t = 0.1 t.u. We first generate one 2D CGLE layer with C 0 = 0, C 1 = −1.40 and C 3 = 0.80, where an initial spiral wave seed is introduced and turbulent oscillation sets in around the seed [19] . We stack the identical layers to form an initial scroll wave seed, as shown in figure 8(a) . Without control, turbulence can easily invade the initial seed area and finally wipe it out, leading the system quickly to the turbulence state again. We apply the periodic forcing f 0 = ε f exp (−iω f t), ω f < 0 on a line in the centre n × n × N z (N z = 50) sites around the rotation centre of the scroll wave seed at t 0 t.u. We take the forcing area variable n = 2, the amplitude ε f = 1.50 and the frequency ω f = −0.3010 respectively. Then, the seed grows gradually up into a stable scroll wave, and turbulence is effectively suppressed via the large scroll wave shown in figure 8 (b) at t 800 t.u. In addition, the replacement of the periodic injection by the localized inhomogeneity (C 3i < 0) changing the parameters C 1 = −1.40, C 3 = 0.80 to C 1i = 0.40, C 3i = −1.60 respectively on a line in the space centre with 3 × 3 × N z sites also leads to the turbulence suppression at t 1200 t.u. by developing the initial scroll wave seed. Figure 9 (a) represents a fully developed turbulence state from a random initial conditions in the 3D CGLE medium with parameters C 0 = 0, C 1 = −1.40, C 3 = 0.85. We hope that our simple method of periodic injection could work well in the similar way as in the 2D case of figure 4 , and finally could suppress 3D turbulence in the whole space. We apply the periodic forcing f 0 = ε f exp (−iω f t), ω f > 0 in a n × n × n cube around the centre of the bottom surface at t 0 t.u. The control parameters are taken as n = 10, ε f = 2.80 and ω f = 0.4891, respectively. As shown in figure 9(b) , the external signal generates a spherical target wave on the bottom surface at t = 400 t.u., which may propagate in the 3D medium. At t 900 t.u. a large spherical target wave shown in figure 9 (c) sweeps all turbulent waves out of the boundary. Figure 9(d) illustrates the time dependence of the total filament length (L) in this scenario. The length exhibits significant decaying fluctuations, and at t = 814 t.u. its value is zero, which means there is no defect in the whole medium. We also find that in the 3D CGLE medium with parameters C 0 = 0, C 1 = −1.40 and C 3 = 0.80, by introducing a localized inhomogeneity (C 3i > 0), the purpose of turbulence control can be also realized. For instance, at t = 0, we change the parameter C 3 = 0.80 to C 3i = 0.50 in a 10 × 10 × 10 cube around the centre of the bottom surface, and turbulence is entirely suppressed via spherical target waves at t 900 t.u.
Conclusion
We have shown that both periodic injection and a localized inhomogeneity can generate spiral waves and target waves and develop them, which will suppress turbulence in 2D CGLE systems. Theoretical analysis combined with numerical analysis of spiral waves and target waves in the CGLE with an inhomogeneity in the parameters region where spiral waves are absolutely unstable has been given. Spiral turbulence in our parameters region (i.e. C 0 = 0, C 1 = −1.40 and C 3 0.80) could be controlled by developing a spiral wave if the sign of the local oscillating frequency of the inhomogeneity is in reverse (i.e. when ω l < 0) and otherwise (i.e. when ω l > 0) target waves generated by the localized inhomogeneity would replace the surrounding spiral turbulence. Moreover, for the purpose of turbulence suppression in 3D cases, we have also developed scroll waves or generated spherical target waves by employing a similar strategy of local control as in the 2D cases.
